Several D -dimensional uncertainty-like relationships for N -body systems are obtained by means of the Fisher's information entropies in position and momentum spaces and the Stam's uncertainty principle. In addition, these relationships, the Fisher's entropies and the Stam's inequality are analysed numerically for all ground state neutral atoms from hydrogen ( Zˆ1 ) to lawrencium ( Zˆ1 03) using highly accurate Roothaan±Hartree±Fock wavefunctions.
Introduction
Information theoretical concepts have been employed in recent years for the synthesis and analysis of single particle position and momentum densities of many-body systems like atoms and molecules [1±3] . One of the measures of information entropy of a continuous probability distribution is Fisher information entropy [4] for a D -dimensional density function f … r † de®ned by
On the other hand, position±momentum uncertainty relations have been found to play an important role in quantum physics, and many authors have pointed out the advantage of expressing the uncertainty of position and momentum by means of information entropies (see, e.g., [5] ). An interesting uncertainty information entropy relation in quantum mechanics is the Stam's uncertainty principle [6, 7] . This relation is valid for a D -dimensional single-particle system characterized by the wavefunction C … r † , rˆ… x 1 ; . . . ; x D † , assumed to be normalized to unity. Then the position density of the system is » s … r †ˆj C … r †j 2 . The Fourier transform of C … r † isC C … p † and the momentum density is given by ®s … p †ˆj C … p †j 2 . The Stam's uncertainty principle relates the Fisher information entropy of the position density of the system with the momentum space quantity
This expression is also valid under the commutation of the conjugate spaces, i.e., replacing the variable r by p, and conversely. The single-particle position and momentum densities » … r † and ® … p † play relevant roles in the study of Ddimensional many-body systems [8] due to general density functional theory [9] . If C … r 1 ; . . . ; rN † is the normalized wavefunction of the N -particle system then the single-particle momentum density is given by
where ri ( iˆ1 ; . . . ; N ) is a D -dimensional vector. Analogously in momentum space the normalized wavefunctionC C … p 1 ; p 2 ; . . . ; pN † , which is the Fourier transform of C … r 1; r 2; . . . ; rN † , has the single-particle momentum density
Some expectation values of the aforementioned densities for a D -dimensional system, de®ned as hr
where » …r † is the spherically averaged single-particle density » …r †1 =4p [11, 12] . The generalization of the Stam's uncertainty principle to an N -body system was accomplished by Ho mannOstenhof et al. [13] ; with the normalization hr 0 iĥ p 0 iˆN , this N -body principle is:
In this work we consider the Stam's uncertainty principle (4) to obtain some radial and logarithmic position± momentum uncertainty relations valid for a D -dimensional N -body system (see next section). In section 3 we analyse the above uncertainty relations in N -electron neutral atoms in a Hartree±Fock framework. Hartree atomic units are used throughout the paper.
Radial and logarithmic uncertainty-like relationships
in D -dimensional N -body systems Some upper and lower bounds to Fisher information entropy have been obtained [14, 15] in terms of radial and logarithmic expectation values and have been used for di erent purposes. In particular they have allowed us to obtain uncertainty relations for 3-dimensional systems.
Here we shall prove the following lower bounds to the Fisher information entropy of a general D -dimensional N -body systems in terms of some radial and logarithmic expectation values, hr a i and hr a … ln r † b i :
Bounds (5) and (7) are D -dimensional generalizations to the previous 3-dimensional expressions in [15] . Relation (6) is a new inequality in terms of radial and logarithmic expectation values. These inequalities are extensions of the so-called Cramer±Rao inequality [7] in various directions, because our relationships are valid for arbitrary dimensions and they include any expectation value hr i , 5 ¡ 2.
To prove bounds (5)±(7) we use Redhe er's inequality of Weyl type valid for an absolutely continuous u…r † [14, 16] :
; so that ¡m < n 4 m ‡ 1. Taking u…r †ˆr
and keeping in mind the de®nition of the Fisher's entropy for the spherically symmetric position density, we obtain:
This inequality for nˆ…D ¡ 1 † =2 leads us to the lower bound B 3 … † . To ®nd B 1 … † , > ¡ 1, we use the change …m ; n † ! … ; x † , so that m ‡ nˆ2x and ˆm ¡ n . Now we optimize this inequality with ®xed by looking at it as a function of x . This function has a maximum at
and the value of the function at this maximum is the sought lower bound (7). Moreover, we can see that B 2ˆl im ! ¡ 1 B 1 … † . Note that these relations are valid not only for a spherically symmetric density » …r †ˆ" OD » … r † dOD but also for any density » … r † , because the Fisher entropy veri®es that I » … r † 5 I » …r † [14] . It is important to remark that expressions (5)± (7) are valid also for the corresponding momentum-space quantities. In addition, the Stam's uncertainty principle together with these D -dimensional bounds to the Fisher entropy allows us to establish the inequalities:
Again, these expressions are also valid replacing r by p and conversely. Some particular cases of these uncertainty relations are
Relations (12) and (13) were obtained previously by other means (see [17] and references therein). Note that the new D -dimensional inequality (14) improves expression (13) according to the fact that hr b ihr ¡ 2 i ¡ hr b =2 ¡ 1 i 2 5 0, which can be obtained directly for HoÈ lder's inequality.
Numerical study in atomic systems
In this section we use the highly accurate Koga± Roothaan±Hartree±Fock atomic wavefunctions [18] to study numerically (i) the position and momentum Fisher's information entropies, (ii) the Stam's uncertainty principle and (iii) the accuracy of some uncertainty relationships obtained in the previous section, for all ground state neutral atoms from H ( Zˆ1 ) to Lr ( Zˆ1 03).
Let us ®rst compute (®gure 1) the Fisher information measures I p and I ® for the atomic sample mentioned above. The I » values generally increase with Z . Note that the Fisher entropy in position space when multiplied by 1/8 is the WeizsaÈ cker energy T W of the system, which is a fundamental element not only in the Thomas± Fermi related theories of many-electron systems (it explains, e.g., the central and asymptotic behaviour of the atomic charge density, the binding of atoms and molecules and the stability of negative ions) but also in general density functional theory [9] .
The I ® values show a more complex structure. It is apparent from ®gure 1 that in going from an element to the next one I ® as a function of Z does not vary in a monotonic way. In particular, I ® is seen to reach minimum values for the noble gases He ( Zˆ2 ), Ne ( Zˆ1 0), Ar ( Zˆ1 8), Kr ( Zˆ3 6), Xe ( Zˆ5 4) and Rn ( Zˆ8 6), which have a full K shell or p subshell. This physically means that » …r † for these atoms is the most compact compared with neighbouring atoms. A comparison between the Z behaviour of I ® and that of the ®rst ionization potential " (also given in ®gure 1)
shows that both atomic quantities behave similarly, illustrating that the momentum Fisher entropy is a useful indicator of atomic shell structure.
Let us now analyse the two Stam's uncertainty relations for all species of the above atomic sample. This is done in ®gure 2, where we have plotted the ratios I » = … 4 hp 2 i † , I ® = … 4 hr 2 i † and the ionization potential ". We observe that both Stam bounds (4) shows monotonically decreasing behaviour with nuclear charge while the other ratio and the ionization potential show a rich and complex Z behaviour, having relative minimum values at the nuclear charges of the noble gases of the atomic sample. This behaviour brings out an interesting feature of Stam's uncertainty principle, because the kind of deviation from equality when N 5 2 gives us physical information about the N -electron system. We have studied as well the accuracy of the uncertainty relations (9)±(11) for some ground state neutral atoms (table 1) by computing the ratios C 2= hp 2 i and C i … † = hp 2 i with iˆ1 ; 3 for some particular values of . We observe that the accuracy of the four bounds considered in this work decreases monotonically when the nuclear charge increases. Moreover, the bound involving C 2 appears to be the most accurate save for He, indicating the relevant role of the logarithmic expectation values.
Finally, to illustrate how the uncertainty relations (9)± (11) change with dimensionality, we consider the Ddimensional hydrogen atom in the ground state for D 5 2, which is described by the radially symmetric Coulomb potential V …r †ˆ¡… 1= r † with r 2ˆP D iˆ1 x 2 i . The values of the position and momentum expectation values that control the bounds C 2 , C 1 … † and C 3 … † are known analytically [19, 20] . From these references we have that 
where Á …x † and Á 0 …x † are the digamma and trigamma functions [21] . Table 2 examines the dimensionality dependence of the accuracy of the hydrogenic ratios:
for Dˆ3 , 5, 10 and 20. We realize that the ratios improve when dimensionality increases. In fact it is straightforward to see analytically that when D goes to in®nity expressions (18)±(20) reach the value 1. Note that for the D -dimensional hydrogen atom in the ground state C 1 … 0 † = hp 2 iˆ1 for all D 5 2.
Conclusion
We have derived various uncertainty relationships for D -dimensional many-body systems that involve the Fisher's information entropies in position and momentum spaces, plus some radial and logarithmic expectation values of the one-body densities in those complementary spaces. Some of them extend known 3-dimensional inequalities.
Additionally, we have carried out a numerical analysis of the two Fisher's entropies, the Stam's ratios and some of the aforementioned relationships for a large sample of atomic species from hydrogen ( Zˆ1 ) to lawrencium ( Zˆ1 03). This analysis illustrates, in particular, the role of the momentum Fisher information entropy as a good indicator of the atomic shell structure, at the same level as the ®rst ionization potential. Finally we have illustrated the dimensionality e ect in the uncertainty 3328 E. Romera Table 1 . Accuracy of the bounds to hp 2 i given by the position space quantities C 2 , C 1 … 1 † , C 1 … 0 † and C 3 …¡ 1 † for some ground state neutral atoms ( Dˆ3 ). All the quantities were evaluated using the highly accurate wavefunctions of Koga et al. [18] . Table 2 . Dimensionality dependence of the accuracy of the bounds to hp 2 i given by the position space quantities C 2 , C 1 … 1 † and C 3 …¡ 1 † for the D -dimensional hydrogen atom. 
